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ABSTRACT
We study the effects of electric field strength on the mobility of soot-like fractal aggregates (fractal
dimension of 1.78). The probability distribution for the particle orientation is governed by the ratio
of the interaction energy between the electric field and the induced dipole in the particle to the
energy associated with Brownian forces in the surrounding medium. We use our extended
Kirkwood–Riseman method to calculate the friction tensor for aggregates of up to 2000 spheres,
with primary sphere sizes in the transition and near-free molecule regimes. Our results for electrical
mobility versus field strength are in good agreement with published experimental data for soot,
which show an increase in mobility on the order of 8% from random to aligned orientations. Our
calculations show that particles become aligned at decreasing field strength as particle size
increases because particle polarizability increases with volume. Large aggregates are at least
partially aligned at field strengths below 1000 V/cm, though a small change in mobility means that
alignment is not an issue in many practical applications. However, improved differential mobility
analyzers would be required to take advantage of small changes in mobility to provide shape
characterization.

EDITOR
Yannis Drossinos

1. Introduction

The transport behavior of nanoscale particles depends on
particle size, shape, and orientation. In the absence of an
external field, Brownian motion randomizes the particle
orientation, such that the measured transport property
(e.g., intensity of scattered light, particle mobility)
represents an average over all equally likely particle
orientations. In a strong field, particles become aligned
in an orientation that minimizes their energy in the field
(Fuchs 1964; Li et al. 2014a). This effect has been
demonstrated experimentally by placing particles in an
external electric field and measuring changes in scattered
light intensity (Weiss et al. 1992; Colbeck et al. 1997) or
electrical mobility (Kousaka et al. 1996; Zelenyuk and
Imre 2007; Li et al. 2012, 2016) as the field strength
changes.

One common experimental technique for sizing
nanoparticles involves using a differential mobility ana-
lyzer (DMA) to determine the mobility of particles in an
electric field. The particle transport behavior is often
expressed in terms of the mobility diameter, which is the

diameter of a sphere that has the same mobility as that
of the particle. For spherical particles, the measured
mobility diameter is equal to the geometric diameter and
is independent of field strength. However, for nonspheri-
cal particles, the mobility is a function of field strength.
Plots of mobility versus field strength are typically S-
shaped, with the lower plateau at low fields representing
fully random particle orientation and the upper plateau
at high fields representing fully aligned orientation
(Kousaka et al. 1996; Zelenyuk and Imre 2007; Li et al.
2012, 2016). The increase in mobility (decrease in drag
and mobility diameter) with increasing field strength is
due to the electrical polarizability of the particles. This
means that particles tend to align such that the longest
particle dimension is parallel to the electric field. For
example, a long, thin rod orients its long axis parallel to
the electric field direction at high field strengths.

Researchers have proposed experimental methods for
obtaining shape information or separating particles with
different shapes by exploiting the dependence of particle
mobility on orientation in a DMA (Zelenyuk and Imre
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2007; Li et al. 2014b, 2016). Such procedures involve
size-selecting particles in consecutive DMAs operated at
different field strengths (or, equivalently, at different
sheath flow rates). The observed change in mobility may
give some clues about the shape of particles in the tan-
dem DMAs.

The present study applies the theory of Li et al.
(2014a) for the average particle mobility as a function of
field strength to calculate the mobility of aggregates with
a fractal dimension of 1.78, which is characteristic of
soot and other particles formed by diffusion-limited clus-
ter aggregation (DLCA). In the present study, we apply
our extended Kirkwood–Riseman (EKR) method (Cor-
son et al. 2017a) to obtain the translational friction ten-
sor that appears in the theory of Li et al. (Li et al. 2012,
2014a). We compare our results to experimental data (Li
et al. 2016) and show how the particle mobility changes
with electric field strength for a wide range of primary
sphere diameters and aggregate sizes. We also use our
EKR method to estimate the particle rotational relaxa-
tion time (Corson et al. 2017d) to evaluate the range of
particle sizes for which it is appropriate to apply the ori-
entationally averaged drift velocity method of Li et al.
(2014a) to compute particle mobility. Finally, we discuss
the implications of our results for obtaining shape infor-
mation by measuring the effect of electric field strength
on particle mobility.

2. Theoretical methods

Before discussing our theoretical methods in detail, we
will provide an overview of its various components. First,
we compute the velocity field and the monomer friction
coefficient as a function of Knudsen number by solving
the Bhatnagar–Gross–Krook (BGK) model equation
(Bhatnagar et al. 1954) using the method of Loyalka and
colleagues (Lea and Loyalka 1982; Law and Loyalka
1986). The BGK equation is a simplified, linearized ver-
sion of the Boltzmann transport equation, valid for near-
equilibrium situations such as creeping flow of a sphere.
This is done once for each Knudsen number, with the
velocity results saved for future use.

The second component involves computing the
friction tensor for a cluster of monomers by self-con-
sistent computing of the flow field at each monomer
resulting from the flow field arising from all the other
monomers (Corson et al. 2017a). The low density of
the aggregates is key to carrying out the calculations
of large clusters in a short time. This approach was
initially used by Kirkwood and Riseman (1948) for
computing the friction tensor for macromolecules in
continuum flow. By using the BGK results for the
flow field in the transition regime, we can compute

the friction tensor of clusters composed of equal sized
monomer units. We have also applied the theory to
determine the rotational friction tensor (Corson et al.
2017c), which is necessary for assessing the possible
effect of rotation on the mobility.

Another element of the analysis is the calculation of
the cluster polarizability tensor, which is needed for
computing the potential energy associated with align-
ment. We have obtained the polarizability tensor for the
aggregates in this study from ZENO (Mansfield et al.
2001), which uses a random walk algorithm (Douglas et
al. 1994) to compute (among other things) the polariz-
ability tensor for a perfectly conducting particle of arbi-
trary shape. We assume that aggregate particles (e.g.,
soot) are perfectly conducting.

The final element involves the matrix manipulations
and the ensemble averaging (Happel and Brenner 1965;
Li et al. 2014a) to obtain the drift velocity (mobility) in
the direction of the electric field.

We now discuss the theory in more detail in the fol-
lowing sections.

2.1. Particle orientation in an electric field

The probability distribution of a particle’s orientation in
an electric field is given by the Boltzmann distribution
(Fuchs 1964),

f ’; u;cð ÞD e¡U=kT

R2p
0

Rp
0

R2p
0
e¡U=kTsinu d’ du dc

[1]

where U is the energy of the particle in the electric field
for the particle orientation given by the Euler angles
’; u;cð Þ. This equation shows that the probability dis-
tribution is affected by the competition between ran-
domizing Brownian forces from collisions of gas
molecules with the particle, and electrical forces that
tend to align the particle in a particular direction. For
nonpolar materials, the interaction energy includes con-
tributions from free charges on the particle and from an
induced dipole due to polarization in the electric field
(Bottcher and Belle 1973). The interaction energy from
a fixed charge is

UeD ¡ q
!
re�

!
E [2]

where
!
re is the vector from the center of mass to the

point charge and
!
E is the electric field. For a conducting

particle, the interaction energy from an induced dipole
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is given by (Bottcher and Belle 1973)

UpD ¡ 1
2

!
E�a�!E [3]

where a is the electrical polarizability tensor. According
to Fuchs (1964), aerosol particles can be assumed to be
conductors, even when comprised of nonconducting
materials, due to the presence of surface contaminants.

From Equations (2) and (3), the free charge and
induced dipole interaction energies increase linearly
and quadratically, respectively, with electric field
strength. Furthermore, the charge interaction energy
increases linearly with particle characteristic length,
while the induced dipole interaction energy increases
linearly with particle volume. Because the polarization
energy increases with a3. while the charge energy
increases with a, and because the particle orientation
depends on the Boltzmann factor e¡U=kT , we can often
ignore the effects of point charges when computing the
probability distribution for the particle’s orientation.
For example, Li et al. (2012) determined that the ratio
of polarization energy to fixed charge energy is greater
than 10 for carbon nanotubes with mobility diameters
greater than 100 nm, while Zelenyuk and Imre (2007)
observed no effects of particle charge on the mobility of
aligned doublets with primary sphere diameters of
240 nm. Also, for a conducting particle the charge can
move rapidly, so that one can consider the charge to be
distributed evenly throughout the particle (Bottcher
and Belle 1973). Based on these considerations, we will
consider only the polarization energy when computing
the particle mobility.

To evaluate the probability distribution (Equation
(1)), it helps to define two coordinate systems: a body-
fixed coordinate system x

0
; y

0
; z

0� �
that rotates with the

particle, and a space-fixed (or laboratory) coordinate sys-
tem x; y; zð Þ (see the online supplementary information
[SI]). For convenience, we will choose the body-fixed
axes to coincide with the principal axes of the polariz-
ability tensor. In this representation, the minimum
polarization energy occurs when the electric field is along
the z

0
-direction. We will set our space-fixed axes so that

the z-axis is parallel to the electric field.
The relationship between a vector in laboratory coor-

dinates and a vector in body-fixed coordinates is given

by the following relationship:

!
bDA�!b

0
[4]

The rotation matrix A represents three successive
rotations from the body-fixed system to the space-fixed
system. For the ZXZ sequence of rotations, the rotation
matrix is given by

where ’, u, and c are the angles of the first, second, and
third rotations, respectively. One useful property of the
rotation matrix is that its inverse is equal to its transpose
(Gel’fand et al. 1963). Because of this property and our
choice of laboratory coordinates, the electric field in
body-fixed coordinates is given by

!
E

0
D

sincsinu

coscsinu

cosu

2
4

3
5E [6]

where E is the field strength. This shows that the proba-
bility distribution is a function of only two of the three
Euler angles. Using the above expression for the electric
field and noting that the polarizability tensor in body-
fixed coordinates is diagonal, we can explicitly write the
interaction energy as

U D ¡ 1
2
sin2csin2u a1 C cos2csin2u a2C cos2u a3
� �

E2

[7]

where a3 >a2 >a1 are the eigenvalues of the polarizabil-
ity tensor.

2.2. Average drift velocity of a particle in an electric
field

We can use the probability distribution in Equation (1)
to calculate the average drift velocity—and thus the
mobility—of a particle in an electric field (Li et al.
2014a). The drift velocity is obtained by balancing the
electric force on the particle with the aerodynamic force

AD
cos’cosc¡ cosusin’sinc ¡ cos’sinc¡ cosusin’cosc sin’sinu

sin’coscC cosucos’sinc ¡ sin’sincC cosucos’cosc ¡ cos’sinu

sincsinu coscsinu cosu

2
4

3
5 (5)
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for a given particle orientation:1

!
Vd D qJ¡ 1

t �!E [8]

Here, Jt is the translational friction tensor and q is
the charge on the particle. Combining Equations (1) and
(8), we get the following expression for the particle orien-
tation-averaged drift velocity for a given electric field
strength:

h !
Vd i D

q
Z2p

0

Zp

0

Z2p

0

J
¡ 1
t �!E

� �
e¡U=kTsinu d’ du dc

Z2p

0

Zp

0

Z2p

0

e¡U=kTsinu d’ du dc

[9]

In general, the orientation-averaged drift velocity is
not parallel to the electric field. However, the component
of the drift velocity parallel to the electric field is typically
much larger than the components of the velocity
perpendicular to the field. For example, the perpendicu-
lar components of the drift velocity for soot-like fractal
aggregates are typically less than 5% of the parallel com-
ponent. Thus, we can define the particle mobility in
terms of the parallel component of the orientation-aver-
aged drift velocity.

ZD hVd;z i =E [10]

Again, we have positioned the laboratory-fixed coor-
dinate system so that the electric field is in the z-direc-
tion. The z-component of the drift velocity can be
written in terms of the Euler angles and the components
of the friction tensor in body-fixed coordinates:

hVd;z i D qE M33 h cos2u i CM22 h cos2csin2u i
�

CM11 h sin2csin2u i CM12 h sin2csin2u i

CM13 h sincsin2u i CM23 h coscsin2u i Þ
[11]

Here, the angle brackets indicate orientation averages
based on the distribution given by Equation (1) and the
Mij’s are components of the mobility tensor (i.e., the
inverse of the friction tensor) in body-fixed coordinates,

i.e.,

M �
M11 M12 M13

M12 M22 M23

M13 M23 M33

2
4

3
5D Jt

0� �¡ 1
[12]

In going from Equation (9) to Equation (11), we use
the relation between the body-fixed (Jt

0
) and space-

fixed (Jt) friction tensors, J¡ 1
t DA� Jt

0� �¡ 1�Ay, where
the dagger symbol denotes the transpose of the rotation
matrix. Note that Equation (11) reduces to the expres-
sions given by Li et al. (2012) for the special case of an
axisymmetric body, where M12 DM13 DM23 D 0,
M11 DM22 DM?, andM33 DM jj .

For a randomly oriented particle, the averaged mobil-
ity is

Zrand D q
3

1
z1

C 1
z2

C 1
z3

� �
[13]

where z1 > z2> z3 are the eigenvalues of the transla-
tional friction tensor. At very high field strengths, the
particle will be oriented in the direction that minimizes
the electric field interaction energy. Thus, the high-field
mobility is

Zalign D q k̂� Jt
0� �¡ 1�k̂D qM33 [14]

where k̂ is the unit vector in the z-direction.

2.3. Friction tensor for an aggregate

To calculate the orientation-averaged mobility of soot-
like particles, we must be able to determine the transla-
tional friction tensor for fractal aggregates consisting of
N primary spheres with radius a, where the Knudsen
number of the primaries (Kn D λ/a) is in the transition
regime between continuum (Kn << 1) and free mole-
cule (Kn >> 1) limits. To do so, we will use our exten-
sion (Corson et al. 2017a) of Kirkwood–Riseman theory
(Kirkwood and Riseman 1948) from the continuum
regime to the transition regime.

Kirkwood and Riseman (1948) proposed a method
for calculating the translational friction coefficient for
a macromolecule or particle consisting of spherical
subunits. The drag on each sphere in the aggregate is
obtained by considering the effects of the other
spheres in the particle on the flow field. The resulting
force is the sum of the drag on an isolated particle

1The linear relationship between the velocity and the drag force is valid in
the creeping flow regime, which applies for all of the conditions considered
in this study.
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and the perturbations due to the other spheres:

!
Fi D ¡ z0

!
Ui ¡ z0

XN
i 6¼j

!
Tij�

!
Fj [15]

Here, z0D 6pm a is the friction coefficient for a sphere
given by Stokes’ law,

!
Ui is the velocity of the ith sphere,

and
!
Tij is the hydrodynamic interaction tensor. Carrasco

and Garcia de la Torre (1999) discuss some of the hydro-
dynamic interaction tensors that have been proposed in
the past and the relative accuracy of the various forms of
!
Tij. They conclude that the Rotne–Prager–Yamakawa
(RPY) tensor (Rotne and Prager 1969; Yamakawa
1970)—which is accurate to order r¡ 3

ij , where rij is the
distance between spheres—is sufficiently accurate for
practical purposes.

Noting that the product of the RPY tensor and the
monomer friction coefficient is similar to the tensor

!
Vij

describing the flow field around a sphere moving with
velocity

!
Ui (i.e.,

!
u rij
� �D!

Vij�!Ui), we proposed replacing z0!
Tij with

!
Vij Knð Þ, the velocity field around a moving

sphere in the transition flow regime (Corson et al. 2017a):

!
Fi D ¡ z0 Knð Þ !

Ui¡
XN
i 6¼j

!
Vij Knð Þ�!Fj [16]

This EKR approach is valid for creeping flow for any
Knudsen number, provided one can accurately solve for
the velocity field around a sphere as a function of Kn.

We obtain the velocity field and the monomer fric-
tion coefficient that appear in Equation (16) by solv-
ing the BGK model equation (Bhatnagar et al. 1954)
using the method of Loyalka and colleagues (Lea and
Loyalka 1982; Law and Loyalka 1986). The BGK
equation is a simplified, linearized version of the
Boltzmann transport equation, valid for near-equilib-
rium situations such as creeping flow of a sphere. We
solve Equation (16) for unit particle velocity in the x-
, y-, and z-directions to determine the translational
friction tensor. Our EKR results for the translational
friction coefficient of fractal aggregates compare well
to published experimental data and calculational
results (Corson et al. 2017a,b).

3. Results

To determine the orientation-averaged mobility of frac-
tal aggregates, we solve Equation (11) with the transla-
tional friction tensor calculated using our EKR method

and the polarizability tensor [which appears in the
potential energy term, Equation (7), that affects particle
orientation] obtained from ZENO (Mansfield et al.
2001). ZENO uses a random walk algorithm (Douglas
et al. 1994) to compute (among other things) the polar-
izability tensor for a perfectly conducting particle of
arbitrary shape. Again, we assume that soot particles
are perfectly conducting. The polarizability and friction
tensors are specified in terms of the body-fixed axes,
which correspond to the principal axes of the polariz-
ability tensor, as discussed previously. We obtain the
orientation averages in Equation (11) by integrating
numerically using a 2D quadrature method (MATLAB
function integral 2). We generate our aggregates using a
cluster-cluster algorithm (Mackowski 2006). For each N,
we generate 20 clusters and present the average results
of the 20 cases.

3.1. Comparison to experimental data

Li et al. (2016) used a pulsed-field differential mobility
analyzer (PFDMA) to determine the electrical mobility of
soot aggregates composed of 5-nm-radius primaries (Kn
D 13.5 for λ D 67.3 nm). They size-selected aggregates
with mobility diameters of approximately 129, 154, and
200 nm in a DMA operated at high field (»7000–8000 V/
cm), then used the PFDMA to measure the mobility of
these aggregates as a function of electric field strength.

For our calculations, we must first estimate the aggre-
gate size and structure from the reported mobilities. Like
Li et al. (2016), we assume that the aggregates have a
fractal morphology,

N D k0
Rg

a

� �df

[17]

with fractal dimension df D 1:78 and prefactor k0D 1:3.
We determine the number of primaries iteratively until
we obtain a set of particles whose average random mobil-
ity (as calculated using our EKR method) is in good
agreement with the experimental mobility at low field.
We repeat this procedure for the three data sets, corre-
sponding to mobility diameters of 129, 154, and 200 nm.
As an initial guess for N, we solve for N in our expression
for the friction coefficient of DLCA aggregates (Equation
(38) of (Corson et al. 2017b)):

z

6pm a
D 1C 1:612Kn

Cc.Kn/
0:852N0:535 C 0:148
� 	¡ 1

n

C 1:612Kn 0:843N0:939 C 0:157
� 	¡ 1g¡ 1 [18]
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The friction coefficient is related to the mobility by
zD q=Z.

Figure 1 compares the results of our calculations to
data from Li et al. (2016). Overall, the results are in good
agreement with the data, enabling us to consider a
parametric study outside the bounds of available experi-
mental data.

3.2. Effects of aggregate size and field strength on
mobility

Now that we have shown that the theory of Li et al.
(2014a) used in concert with our EKR method can be
used to calculate the orientation-averaged mobility of
soot as a function of electric field strength, we will use
this approach to calculate the mobility of DLCA aggre-
gates over a wider range of primary spheres and aggre-
gate sizes. Again, our mobility results represent the
average of 20 realizations from our fractal generator.
Our calculations assume that Brownian rotation is slow
compared to the translational relaxation time of the par-
ticles. This means that the drag force and the electric
force are immediately balanced at each particle orienta-
tion. Mulholland et al. (2016) show the slow rotation
limit applies for reduced rotational velocity
anr D 2Dr;mintt < 0:05. Here, tt Dm=zh is the transla-
tional relaxation time, zh is the translational friction
coefficient computed as the harmonic mean of the eigen-

values of the translational friction tensor, m is the parti-
cle mass, and Dr;min is the rotational diffusion coefficient
of the particle about the axis that yields the minimum
Dr . We will examine the validity of this assumption in
Section 4.

Figure 2 shows the effect of electric field strength on
the normalized mobility Z=Zrand of N D 100 and N D
1000 aggregates at Knudsen numbers corresponding to
primary sphere radii of 25 nm (Kn D 2.7), 13.5 nm (Kn
D 5), 9.6 nm (Kn D 7), 6.7 nm (Kn D 10), and 5 nm (Kn
D 13.5). Particles become aligned at lower electric fields
as the primary size and the number of primaries increase.
For N D 1000, particles are fully aligned at fields as low
as approximately 500 V/cm for the 25 nm primaries ver-
sus approximately 5000 V/cm for the 5 nm primaries.
The physical basis of this result will be discussed later in
the article. The normalized fully aligned mobility for the
1000-sphere aggregates increases slightly with decreasing
Knudsen number (increasing primary radius). The maxi-
mum increase in mobility from random orientation to
fully aligned is approximately 8%.2

Figure 3 shows normalized mobility versus electric
field strength for Kn D 2.7 and Kn D 13.5 at vari-
ous aggregate sizes. All but the smallest aggregates

Figure 1. Comparison of our calculated orientation-averaged mobilities to experimental data from Li et al. (2016) for mobility diameters
of »129 nm, »154 nm, and »200 nm (based on the high-field mobilities). The number of primaries used for the calculations represent
the best fits to the data.

2For comparison, the change in the intensity of scattered light between
aligned and random states has been demonstrated to be as large as »50%
for soot (Weiss et al. 1992; Colbeck et al. 1997).
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with 25 nm radius primaries (Kn D 2.7) are fully
aligned at 8000 V/cm, while only the larger aggregates
with 5 nm radius primaries (Kn D 13.5) are fully
aligned at this field strength. The latter point is con-
sistent with the data of Li et al. (2016) and our results
shown in Figure 1. Note that several of the lines in
the Kn D 2.7 plot cross each other. This is due to sta-
tistical variations in the fully aligned mobility, caused
by the finite number of particles we use to generate
the results for each N. We will return to this issue in
the final paragraph of this section.

From Figures 2 and 3, it is clear that particle orienta-
tion may not be fully random even at low field strengths.
It is useful to determine the maximum field at which the
particle orientation is random; we show this maximum
field as a function of N and Kn in Figure 4. Here, we

Figure 2. Normalized mobility as a function of electric field
strength for 100-sphere (top) and 1000-sphere (bottom)
aggregates.

Figure 3. Normalized mobility as a function of electric field
strength for aggregates with primary sphere radii of 25 nm (Kn
D 2.7, top) and 5 nm (Kn D 13.5, bottom). Note that the N D 100
and N D 1000 curves in this figure correspond to the Kn D 2.7
and Kn D 13.5 curves in Figure 2.

Figure 4. Maximum electric field strength at which particles are
randomly oriented, defined as having a mobility within 0.5% of
the mobility in the limit of zero-field strength. Note that results
are capped at an upper limit of E D 10,000 V/cm.

Figure 5. Ratio of fully aligned to random electric mobilities for a
wide range of primary sphere Knudsen numbers and the number
of primaries. The Kn D 0 and Kn D 1 curves represent the con-
tinuum and free molecular limits, as calculated using the stan-
dard KR theory with the RPY tensor (Chen et al. 1984) and using
a Monte Carlo code (Corson et al. 2017c), respectively. Uncertain-
ties of one standard deviation of the mean (based on 20 samples
with the same fractal dimension but different morphologies) are
shown for the continuum and free molecule results for several N
values.

AEROSOL SCIENCE AND TECHNOLOGY 7



consider the particle orientation to no longer be random
when the mobility increases by 0.5% from the mobility
in the limit of zero field. Again, particles begin to par-
tially align at lower field strengths as particle size (both
N and a) increase.

Finally, Figure 5 shows the mobility ratio, Zalign /
Zrand, as a function of N for several Knudsen numbers.
The random and fully aligned mobilities are calculated
using Equations (13) and (14), respectively. Generally
speaking, the mobility ratio is constant with increasing N
near the continuum regime and decreases with N in the
free molecule regime. At intermediate Knudsen num-
bers, the aligned versus random behavior becomes more
continuum-like at large N; this is analogous to the behav-
ior we have observed for the translational friction coeffi-
cient of soot-like aggregates (Corson et al. 2017b). We
will explain this behavior in Section 4. Note that each
point in the figure represents an average over 20 particle
realizations. To give an idea of the uncertainty in the
mean values shown in the figure, we show bounds of one
standard deviation of the mean for several N’s in the con-
tinuum and free molecule limits. See the SI for further
discussion about the variability in the mobility ratio
results.

The choppiness in the plots in Figure 5 can be
explained by the statistics of our results: the standard
deviation of Zalign / Zrand is approximately 0.03 for all
cases, and thus the standard deviation of the mean3 is
approximately 0.007. Assuming our samples are nor-
mally distributed about the population mean, we
would expect 68% of our samples to be within one
standard deviation of the population mean. Indeed,
most of the mean mobility ratios for Kn D 0, 0.1,
and 1 are within 0.007 of an estimated population
mean of 1.085, so it is reasonable to conclude that
the spread in Zalign/Zrand is partially due to our finite
sample size.

4. Discussion

4.1. General observations

Our results show that particle alignment occurs at
decreasing electric field strengths as the primary sphere
Knudsen number decreases (primary sphere radius
increases) and as the number of primaries increases.
This occurs because polarizability is proportional to vol-
ume, so that interaction energy between the electric field
and the induced dipole increases with volume. The parti-
cle becomes fully aligned when the magnitude of the

interaction energy is significantly greater than the Brow-
nian energy kT.

We also show that the ratio of fully aligned to ran-
dom mobility is a function of the number of primary
spheres and the primary sphere size. Near the contin-
uum regime, the mobility ratio is approximately con-
stant with N, and near the free molecule regime, the
mobility ratio decreases with N. We discuss this topic
in some detail in the SI, but the brief explanation is
as follows: the mobility of an aggregate in the contin-
uum and free molecule regimes is roughly inversely
proportional to the radius of gyration (Meakin et al.
1985; Sorensen 2011; Corson et al. 2017b) and the
orientation-averaged projected area (Zhang et al.
2012), respectively. Similarly, the continuum and free
molecule aligned mobilities are correlated to the
inverses of the radius of gyration about the major
axis of the polarizability tensor (i.e., the z

0
-axis), Rgz 0 ,

and the projected area in the plane normal to the
z

0
-axis, PAz0 (see the SI)s Averaged over 20 cases, the

ratio Rg=Rgz0 is approximately constant (after account-
ing for the statistical fluctuations described above) with
N, while PA=PAz0 decreases with N, mirroring the
trends in the mobility ratios in the continuum and free
molecule limits.

4.2. Validity of our slow rotation assumption

Our calculations assume that Brownian rotation is slow
compared to translational relaxation, i.e., the aggregates
are in the slow rotation limit. To assess the validity of
this assumption, we use our EKR method to determine
the translational friction coefficient (zh, the harmonic
average of the eigenvalues of the friction tensor) and the
minimum rotational diffusion coefficient (Corson et al.
2017c). Using these calculated friction and diffusion

Figure 6. Reduced rotation velocity for a range of primary sphere
sizes and Knudsen numbers. Soot density is taken as 2 g/mL,
(Dobbins 2002; Park et al. 2004). Particles with a reduced rotation
velocity less than 0.05 (the dotted line) are in the slow rotation
limit.

3For a sample of n trials having a sample standard deviation s, the standard
deviation of the mean is sxD s=

ffiffiffi
n

p
.
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coefficients, we compute the reduced rotation velocity
anr , as shown in Figure 6.

The figure shows that particles with Knudsen num-
bers less than 13.5 and more than approximately 50
primary spheres are in the slow rotation limit
(anr < 0:05; Mulholland et al. 2016); none of the par-
ticles in this study are in the fast rotation limit
(anr > 10). Note that for fast rotation, one should use
an orientation-averaged drag approach to calculate the
mobility, as opposed to the orientation-averaged drift
velocity approach in the slow rotation limit. At low field
strength, the fast rotation limit yields a scalar friction
coefficient equal to the arithmetic average of the eigen-
values instead of the harmonic average in the slow rota-
tion limit (Li et al. 2014a). (The two approaches yield
the same result for the fully aligned case.) Thus, some
of the particles included in this study are not in the
slow rotation limit. However, the maximum difference
between the mobility calculated using the averaged drift
velocity is at most 1% less than the mobility calculated
using the averaged drag force for the particles in this
study (i.e., those with fractal dimensions of 1.78). In
other words, it makes little difference which approach
one uses to calculate the mobility of DLCA aggregates.
The distinction becomes more significant for particles
with a large aspect ratio, such as long, thin rods, where
there is a large difference between the largest and small-
est eigenvalues of the friction tensor.

4.3. Polarizability versus friction

A conducting particle in an electric field will orient itself
to minimize its interaction energy with the field, in the
absence of any Brownian thermal forces. The minimum
energy occurs when the charge separation in the particle
is greatest. This means that a rod or a chain of spheres will
orient itself such that its long axis is parallel to the electric
field, while the fractal particles in our study are oriented
such that the axis through the most widely separated two
spheres is parallel to the field. One would expect that the
minimum drag force also occurs when it moves along its
most elongated direction. This is exactly the case for axi-
symmetric particles like rods and cylinders, so that the
most likely orientation of the particle in an electric field is
the orientation with the minimum drag. For fractals, the
situation is more complicated: there is a finite angle
between the eigenvector of the friction tensor correspond-
ing to the minimum drag and the principal axis of the
polarizability tensor (the most favorable orientation). In
most cases, this angle is small (<10o), though we have
observed angles as large as 25o between these two eigen-
vectors. This means that the most favorable orientation
does not necessarily minimize the drag for fractals.

A somewhat related issue is that translating par-
ticles with arbitrary shape experience a torque, where
the relationship between the particle velocity and the
torque exerted by the fluid on the particle is governed
by the coupling tensor (Happel and Brenner 1965).
For non-skew particles (such as rods and cylinders),
there is no translational-rotational coupling, but for
skew particles like fractals the coupling tensor is non-
zero. The question is whether or not the hydrody-
namic torque is sufficient to overcome the interaction
energy between the induced dipole and the field and
reorient the particle.

To answer this question, we calculated the coupling
torque on 1000-sphere aggregates with a primary
sphere Knudsen number of 13.5, using our EKR
method to determine the coupling tensor (Corson et
al. 2017c) and the orientation-averaged drift velocity
at a field strength of 4000 V/cm (roughly correspond-
ing to the minimum field strength at which the parti-
cle is fully aligned). The resulting torque is more
than two orders of magnitude lower than the interac-
tion energy. We repeated this calculation for N D
100, Kn D 2.7, and E D 200 V/cm; again, the cou-
pling torque is significantly lower than the interaction
energy. This shows that the coupling torque has no
effect on the particle orientation at high field
strength.4

4.4. Using field-dependent mobility to evaluate
particle shape

Our results clearly show that particle mobility increases
with electric field from a fully random state at low fields
to a fully oriented state at higher fields. The transition
occurs at decreasing fields for increasing particle size
(both in terms of primary sphere size and the number of
primaries), as expected since polarizability is propor-
tional to particle volume.

This behavior has prompted some researchers to
propose methods to separate particles with different
shapes by exploiting the changes in mobility at differ-
ent electric fields, such as by size-selecting particles in
a DMA, followed by separation with second DMA
operated at a different field strength (Zelenyuk and
Imre 2007; Li et al. 2014b). Using this method, one
can distinguish between spheres (or aggregates with

4At low field strength, translational-rotational coupling has a small but
noticeable effect on the orientation-averaged drag force. For this reason,
one must account for rotational and translation-rotation coupling effects
when determining the translational diffusion of skew particles (Brenner
1967). To fully account for rotational and coupling effects at intermediate
fields—where both hydrodynamic torques and induced-dipole energies
affect particle orientation—one could use a Brownian approach similar to
that of Fernandes and Garcia de la Torre (2002).
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fractal dimension near 3) and more elongated par-
ticles like rods, chains, prolate ellipsoids, or soot-like
aggregates, since the mobility of a sphere does not
change with field strength. In practice, this technique
may not be feasible for some particle sizes due to lim-
itations of current commercially available DMA oper-
ating conditions and configurations. For example, Li
et al. (2016) estimate that they cannot operate their
experimental system at fields below 1000 V/cm. At
this field strength, larger particles are fully aligned
(see Figures 2 and 3), so measuring the mobility at
fields of 1000 V/cm and e.g., 8000 V/cm would yield
the same result and lead to the erroneous conclusion
that the particle is spherical. At the other end of the
size spectrum, small fractals experience minimal
changes in mobility over the range of electric fields
studied here. It may also be difficult to operate a
DMA at a low enough field to ensure that the particle
orientation is fully random. One can consult Figure 4
to determine if it is possible to select randomly ori-
ented particles for the operating conditions of one’s
DMA setup.

There are also issues distinguishing between two
nonspherical particles with different shapes. For exam-
ple, the fully aligned mobility of a doublet in continuum
flow is 8% greater than the mobility of a randomly ori-
ented doublet (Happel and Brenner 1965; Carrasco and
Garcia de la Torre 1999). This is comparable to the
increase in mobility from random to fully aligned ori-
entations for the soot particles included in our study.
Thus, a doublet with primary size near the continuum
regime and a soot-like particle with the same low-field
mobility will behave similarly at higher voltages, mak-
ing it difficult to distinguish between these particles. As
another example, we looked at the effect of the prefac-
tor (k0 in Equation (17)) on the mobility of DLCA
aggregates. While the prefactor does affect the mobility
(with lower prefactors resulting in decreased mobility
for the same number of primary spheres), it has little
effect on the ratio of the fully aligned to fully random
mobilities.

Beyond the experimental issues mentioned above,
it is also difficult to accurately calculate the mobility
of a fractal aggregate in the transition regime. We
have estimated that our EKR method yields orienta-
tion-averaged translational friction coefficients within
10% of the true value (Corson et al. 2017b), which
translates to uncertainties in any estimate of the pri-
mary sphere size or the number of primary spheres.
An obvious example is our attempt to fit our results
to the data of Li et al. (2016), as illustrated by
Figure 1: our estimated aggregate sizes (in terms of
N) are likely within about 10% of the true value

(though the actual error estimate depends on the rela-
tionship between N and the friction coefficient). This
situation is simplified by the fact that we know the
primary sphere size from transmission electron
microscopy (TEM) measurements, and we have a
good estimate of the fractal dimension and prefactor
from numerous studies of soot. See (Sorensen 2011)
for a review of these studies.

In total, the above factors mean that while it may be
theoretically possible to extract shape information from
DMA measurements made at different field strengths, it
is difficult, and probably further consideration should be
given to development of DMA configurations optimized
for this purpose.

5. Conclusions

We have applied our EKR method for calculating the
translational friction tensor of fractal aggregates to
verify the theory of Li et al. (2014a) for the average
mobility of a particle in an electric field. Our results
compare well to published experimental data for soot
(Li et al. 2016). Furthermore, we have used our EKR
method to calculate the average mobility of aggregates
over a range of primary sphere sizes in the transition
and near-free molecule regimes with up to 2000 pri-
mary spheres. The maximum increase in mobility
from random to fully aligned orientations is approxi-
mately 8% for the soot-like aggregates (df D 1:78;
k0D 1:3) included in this study. While our calculations
cover the Knudsen number range of 2.7–13.5—which
covers a representative range of primary sphere sizes in
soot particles (Koylu and Faeth 1992; Li et al. 2016)—
our approach is valid for any primary sphere size and
number of primaries, provided the particle is in the
slow rotation limit. (See Corson et al. [2017b,d] for
translational and rotational friction coefficient results at
larger and smaller Knudsen numbers.)

While it is theoretically possible to use the relationship
between mobility and field strength to obtain size and
shape information about particles or to separate particles
with similar mobility but different shapes, our results sug-
gest there are several practical issues related to the experi-
mental setup and to the accuracy of the methods used to
relate the data to size and shape information. It is espe-
cially difficult to obtain shape information for either very
large or very small soot-like aggregates because large
aggregates are fully aligned at even very low field strengths
and small aggregates require very high field strengths to
align. In these limits, the measured mobility at low
(»1000 V/cm) and high (»8000 V/cm) field strengths
would be nearly equal, which would suggest—incor-
rectly—that these fractal aggregates are actually spherical.

10 J. CORSON ET AL.



References

Bhatnagar, P. L., Gross, E. P., and Krook, M. (1954). A
Model for Collision Processes in Gases. I. Small Ampli-
tude Processes in Charged and Neutral One-Component
Systems. Phys. Rev., 94(3):511–525. doi:10.1103/
PhysRev.94.511.

Bottcher, C. J. F., and Belle, O. C. V. (1973). Dielectrics in Static
Fields. Elsevier Scientific Publishing Company, Amsterdam.

Brenner, H. (1967). Coupling Between the Translational and
Rotational Brownian Motions of Rigid Particles of Arbi-
trary Shape: II. General Theory. J. Colloid Interface Sci., 23
(3):407–436. doi:10.1016/0021-9797(67)90185-3.

Carrasco, B., and Garcia de la Torre, J. (1999). Improved
Hydrodynamic Interaction in Macromolecular Bead Mod-
els. J. Chem. Phys., 111(10):4817–4826. doi:10.1063/
1.479743.

Chen, Z.-Y., Deutch, J. M., and Meakin, P. (1984). Transla-
tional Friction Coefficient of Diffusion Limited Aggregates.
J. Chem. Phys., 80(6):2982–2983. doi:10.1063/1.447012.

Colbeck, I., Atkinson, B., and Johar, Y. (1997). The Morphol-
ogy and Optical Properties of Soot Produced by Different
Fuels. J. Aerosol Sci., 28(5):715–723. doi:10.1016/S0021-
8502(96)00466-1.

Corson, J., Mulholland, G. W., and Zachariah, M. R. (2017a).
Friction Factor for Aerosol Fractal Aggregates over the
Entire Knudsen Range. Phys. Rev. E, 95(1):013103.
doi:10.1103/PhysRevE.95.013103.

Corson, J., Mulholland, G. W., and Zachariah, M. R. (2017b).
Analytical Expression for the Friction Coefficient of DLCA
Aggregates Based on Extended Kirkwood–Riseman Theory.
Aerosol Sci. Technol., 51(6):766–777. doi:10.1080/0278
6826.2017.1300635.

Corson, J., Mulholland, G. W., and Zachariah, M. R. (2017c).
Calculating the Rotational Friction Coefficient of Fractal
Aerosol Particles in the Transition Regime using Extended
Kirkwood–Riseman Theory. Phys. Rev. E, 96(1):013110.
doi:10.1103/PhysRevE.96.013110.

Corson, J., Mulholland, G. W., and Zachariah, M. R.
(2017d). Analytical Expression for the Rotational Fric-
tion Coefficient of DLCA Aggregates over the Entire
Knudsen Regime. Aerosol Sci. Technol., 52(2):206–221.
doi:10.1080/02786826.2017.1390544.

Dobbins, R. A. (2002). Soot Inception Temperature and the
Carbonization Rate of Precursor Particles. Combust. Flame,
130(3):204–214. doi:10.1016/S0010-2180(02)00374-7.

Douglas, J. F., Zhou, H.-X., and Hubbard, J. B. (1994). Hydro-
dynamic Friction and the Capacitance of Arbitrarily Shaped
Objects. Phys. Rev. E, 49(6):5319. doi:10.1103/
PhysRevE.49.5319.

Fernandes, M. X., and Garcia de la Torre, J., 2002. Brownian
Dynamics Simulation of Rigid Particles of Arbitrary Shape
in External Fields. Biophys. J., 83(6):3039–3048.
doi:10.1016/S0006-3495(02)75309-5.

Fuchs, N. A., 1964. The Mechanics of Aerosols. Pergamon Press
(distributed in the Western Hemisphere by Macmillan),
New York, NY, pp. 245–249.

Gel’fand, I. M., Minlos, R. A., and Shapiro, Z. Y. (1963). Repre-
sentations of the Rotation and Lorentz Groups and Their
Applications. Pergamon Press (distributed in the Western
Hemisphere by Macmillan), New York, NY.

Happel, J., and Brenner, H., 1965. Low Reynolds Number
Hydrodynamics: With Special Applications to Particulate
Media. Prentice Hall, Englewood Cliffs, NJ, pp. 159–235.

Kirkwood, J. G., and Riseman, J. (1948). The Intrinsic Viscosities
and Diffusion Constants of Flexible Macromolecules in Solu-
tion. J. Chem. Phys., 16(6):565–573. doi:10.1063/1.1746947.

Kousaka, Y., Endo, Y., Ichitsubo, H., and Alonso, M. (1996). Ori-
entation-Specific Dynamic Shape Factors for Doublets and
Triplets of Spheres in the Transition Regime. Aerosol Sci.
Technol., 24(1):36–44. doi:10.1080/02786829608965350.

Koylu, U. O., and Faeth, G. M. (1992). Structure of Overfire
Soot in Buoyant Turbulent Diffusion Flames at Long Resi-
dence Times. Combust. Flame, 89(2):140–156. doi:10.1016/
0010-2180(92)90024-J.

Law, W. S., and Loyalka, S. K. (1986). Motion of a Sphere in a
Rarefied Gas. II. Role of Temperature Variation in the
Knudsen Layer. Phys. Fluids (1958-1988), 29(11):3886–
3888. doi:10.1063/1.865773.

Lea, K. C., and Loyalka, S. K. (1982). Motion of a Sphere in a Rare-
fied Gas. Phys. Fluids, 25(9):1550–1557. doi:10.1063/1.863943.

Li, M., Mulholland, G. W., and Zachariah, M. R. (2012). The
Effect of Orientation on the Mobility and Dynamic Shape
Factor of Charged Axially Symmetric Particles in an Electric
Field. Aerosol Sci. Technol., 46(9):1035–1044. doi:10.1080/
02786826.2012.686675.

Li, M., Mulholland, G. W., and Zachariah, M. R. (2014a).
Understanding the Mobility of Nonspherical Particles in
the Free Molecular Regime. Phys. Rev. E, 89(2):022112.
doi:10.1103/PhysRevE.89.022112.

Li, M., Mulholland, G. W., and Zachariah, M. R. (2016). The
Effect of Alignment on the Electric Mobility of Soot. Aerosol
Sci. Technol., 50(10):1003–1016. doi:10.1080/02786826.
2016.1213789.

Li, M., You, R., Mulholland, G. W., and Zachariah, M. R.
(2014b). Development of a Pulsed-Field Differential
Mobility Analyzer: A Method for Measuring Shape
Parameters for Nonspherical Particles. Aerosol Sci.
Technol. , 48(1):22–30. doi:10.1080/02786826.2013.
850150.

Mackowski, D. W. (2006). Monte Carlo Simulation of
Hydrodynamic Drag and Thermophoresis of Fractal
Aggregates of Spheres in the Free-Molecule Flow
Regime. J. Aerosol Sci., 37(3):242–259. doi:10.1016/j.
jaerosci.2004.
11.011.

Mansfield, M. L., Douglas, J. F., and Garboczi, E. J. (2001).
Intrinsic Viscosity and the Electrical Polarizability of Arbi-
trarily Shaped Objects. Phys. Rev. E, 64(6):061401.
doi:10.1103/PhysRevE.64.061401.

Meakin, P., Chen, Z.-Y., and Deutch, J. M. (1985). The Trans-
lational Friction Coefficient and Time Dependent Cluster
Size Distribution of Three Dimensional Cluster–Cluster
Aggregation. J. Chem. Phys., 82(8):3786–3789. doi:10.1063/
1.448890.

Mulholland, G. W., Hagwood, C. R., Li, M., and Zachariah,
M. R. (2016). Effect of Particle Rotation on the
Drift Velocity for Nonspherical Aerosol Particles. J.
Aerosol Sci., 101:65–76. doi:10.1016/j.jaerosci.2016.
04.004.

Park, K., Kittelson, D. B., Zachariah, M. R., and McMurry, P.
H. (2004). Measurement of Inherent Material Density of

AEROSOL SCIENCE AND TECHNOLOGY 11

https://doi.org/10.1103/PhysRev.94.511
https://doi.org/10.1103/PhysRev.94.511
https://doi.org/10.1016/0021-9797(67)90185-3
https://doi.org/10.1063/1.479743
https://doi.org/10.1063/1.479743
https://doi.org/10.1063/1.447012
https://doi.org/10.1016/S0021-8502(96)00466-1
https://doi.org/10.1016/S0021-8502(96)00466-1
https://doi.org/10.1103/PhysRevE.95.013103
https://doi.org/10.1080/02786826.2017.1300635
https://doi.org/10.1080/02786826.2017.1300635
https://doi.org/10.1103/PhysRevE.96.013110
https://doi.org/10.1080/02786826.2017.1390544
https://doi.org/10.1016/S0010-2180(02)00374-7
https://doi.org/10.1103/PhysRevE.49.5319
https://doi.org/10.1103/PhysRevE.49.5319
https://doi.org/10.1016/S0006-3495(02)75309-5
https://doi.org/10.1063/1.1746947
https://doi.org/10.1080/02786829608965350
https://doi.org/10.1016/0010-2180(92)90024-J
https://doi.org/10.1016/0010-2180(92)90024-J
https://doi.org/10.1063/1.865773
https://doi.org/10.1063/1.863943
https://doi.org/10.1080/02786826.2012.686675
https://doi.org/10.1080/02786826.2012.686675
https://doi.org/10.1103/PhysRevE.89.022112
https://doi.org/10.1080/02786826.2016.1213789
https://doi.org/10.1080/02786826.2016.1213789
https://doi.org/10.1080/02786826.2013.850150
https://doi.org/10.1080/02786826.2013.850150
https://doi.org/10.1016/j.jaerosci.2004.11.011
https://doi.org/10.1016/j.jaerosci.2004.11.011
https://doi.org/10.1016/j.jaerosci.2004.11.011
https://doi.org/10.1103/PhysRevE.64.061401
https://doi.org/10.1063/1.448890
https://doi.org/10.1063/1.448890
https://doi.org/10.1016/j.jaerosci.2016.04.004
https://doi.org/10.1016/j.jaerosci.2016.04.004


Nanoparticle Agglomerates. J. Nanopart. Res., 6(2):267–
272. doi:10.1023/B:NANO.0000034657.71309.e6.

Rotne, J., and Prager, S. (1969). Variational Treatment of
Hydrodynamic Interaction in Polymers. J. Chem. Phys., 50
(11):4831–4837. doi:10.1063/1.1670977.

Sorensen, C. M. (2011). The Mobility of Fractal Aggregates: A
Review. Aerosol Sci. Technol., 45(7):765–779. doi:10.1080/
02786826.2011.560909.

Weiss, R. E., Kapustin, V. N., and Hobbs, P. V. (1992). Chain-
Aggregate Aerosols in Smoke from the Kuwait Oil Fires. J.
Geophys. Res.: Atmos, 97(D13):14527–14531. doi:10.1029/
92JD01372.

Yamakawa, H. (1970). Transport Properties of Polymer Chains
in Dilute Solution: Hydrodynamic Interaction. J. Chem.
Phys., 53(1):436–443. doi:10.1063/1.1673799.

Zelenyuk, A., and Imre, D. (2007). On the Effect of Particle
Alignment in the DMA. Aerosol Sci. Technol., 41(2):112–
124. doi:10.1080/02786820601118380.

Zhang, C., Thajudeen, T., Larriba, C., Schwartzentruber, T. E.,
and Hogan Jr., C. J. (2012). Determination of the Scalar
Friction Factor for Nonspherical Particles and Aggregates
across the Entire Knudsen Number Range by Direct Simu-
lation Monte Carlo (DSMC). Aerosol Sci. Technol., 46(10):
1065–1078. doi:10.1080/02786826.2012.690543.

12 J. CORSON ET AL.

https://doi.org/10.1023/B:NANO.0000034657.71309.e6
https://doi.org/10.1063/1.1670977
https://doi.org/10.1080/02786826.2011.560909
https://doi.org/10.1080/02786826.2011.560909
https://doi.org/10.1029/92JD01372
https://doi.org/10.1029/92JD01372
https://doi.org/10.1063/1.1673799
https://doi.org/10.1080/02786820601118380
https://doi.org/10.1080/02786826.2012.690543

	Abstract
	1. Introduction
	2. Theoretical methods
	2.1. Particle orientation in an electric field
	2.2. Average drift velocity of a particle in an electric field
	2.3. Friction tensor for an aggregate

	3. Results
	3.1. Comparison to experimental data
	3.2. Effects of aggregate size and field strength on mobility

	4. Discussion
	4.1. General observations
	4.2. Validity of our slow rotation assumption
	4.3. Polarizability versus friction
	4.4. Using field-dependent mobility to evaluate particle shape

	5. Conclusions
	References

